Introduction
Let X P N be an n-dimensional connected projective submanifold of projective space. Let p : P N ! P N?q?1 denote the projection from a linear P q P N . Assuming that X 6 P q we have the induced rational mapping := p X : X ! P N?q?1 . This article started as an attempt to understand the structure of this mapping when has a lower dimensional image. In this case of necessity we have Y := X \ P q is nonempty.
The special case when Y is a point is very classical: X is a linear subspace of P N . The case when q = 1 and Y = P q = P 1 was settled for surfaces by the fourth author 18] and by Ilic 12] in general. Beyond this even the special case when q 2 and Y = P q is open.
We have found it convenient to study a closely related question, which includes many special cases including the case when the center of the projection P q is contained in X.
Problem. Let Let us describe our progress on this problem.
In x3 we study upper and lower bounds for the dimensions of the spaces of sections of powers tL of a very ample line bundle L on a projective manifold X.
The need for such bounds arises naturally when we consider line bundles which are multiples of a very ample line bundle. One general result Proposition (3.8) gives an upper bound for an integer t 0 such that for t t 0 , h 0 (tL J Y ) > 0.
In x4 we prove a number of general results. For example, Theorem (4.6) shows that dim (X) n?k?1 with equality only if Y is a complete intersection in X. In particular Corollary (4.7), shows that if Y is a linear P k , then dim (X) n ? k ? 1 with equality only if (X; L) = (P n ; O P n(1)). Proposition (4.9) further shows that if rankPic(X) = 1 and dim (X) n ? k then dim (X) n ? k + k n ? k ? 1.
Theorem (4.10) shows that if Y is a P k (or more generally a projective manifold whose algebraic cohomology is the same as P k up to dimension 2(n ? k)), then if dim (X) n ? k, it follows that dim (X) k. In particular except for known examples, we have for a wide range of Y including P k , that dim (X) dimX 2 .
In x5 we give a number of examples showing that the dimensions allowed by the above results do occur. Of particular interest is Example (5.2) . This example consists for each positive integer n of an in nite sequence of projective n-folds in P 2n?1 which contain a linear P n?1 . All degrees of X that are allowed by theory occur.
In x6 we specialize to the case when Y is a divisor. We study bundles of the form tL ? Y where t is near := deg Y . One result, Theorem (6.4) , implies that if > 1 then j L ? Y j gives a birational map, which is in fact an isomorphism if 2n dim?(L) + 1.
In x7 we restrict to the case when Y is a linear P k and show, among other things, that dim (X) n ? k except when X is a hypersurface in P n+1 . In x8 we restrict further to the special case when Y is a linear P n?1 . In this case is a morphism.
Remmert-Stein factorize = s with : X ! Z a morphism with connected bers onto a normal projective variety Z, and with s a nite morphism. We know that except for known examples, if dim (X) < dimX then dim (X) = n ? 1. We show that Z is very well behaved (Cohen-Macaulay, Q-factorial, Pic(Z) = Z). Moreover we examine the possible degrees of s and use adjunction theory to classify the possible (X; L) for extreme values of this degree.
We would like to thank Frank-Olaf Schreyer for his very helpful explanation of how Castelnuovo theory gives lower bounds for the dimensions of spaces of sections of powers of very ample line bundles. The research in this article was carried out in Bayreuth, the University of Notre Dame, and two sessions of the RiP program at Oberwolfach. All the authors are indebted to the Volkswagen Stiftung, whose generosity allowed us to work together in such an ideal setting. The fourth author thanks the Alexander von Humboldt Stiftung for their generous support.
The nal stages of this article were developed during a three-week stay at Oberwolfach in the summer of 1997. Within a few weeks after we separated, Michael Schneider died in a climbing accident. The three remaining authors dedicate this work to his memory. He was our friend and colleague, a person of vibrant energy, keen intelligence, and generous spirit. We feel a deep sense of loss, but are grateful to have had our lives and work enriched by his presence.
Background material
We work over the complex numbers C . Through the paper we deal with projective varieties V . We denote by O V the structure sheaf of V and by K V the canonical bundle, for V smooth. For any coherent sheaf F on V , h i (F) denotes the complex dimension of H i (V; F).
Let L be a line bundle on V . The line bundle L is said to be numerically e ective (nef, for short) if L C 0 for all e ective curves C on V . L is said to be big if (L) = dimV , where (L) denotes the Kodaira dimension of L. If L is nef then this is equivalent to c 1 (L) n > 0, where c 1 (L) is the rst Chern class of L and n = dimV .
2.1 Notation. The notation used in this paper is standard from algebraic geometry. In particular, denotes linear equivalence of line bundles. For a line bundle L on a compact complex space V , (L) := P i (?1) i h i (L) denotes the Euler characteristic, and jLj denotes the complete linear system associated with a line bundle. We say that L is spanned if it is spanned at all points of V by ?(L).
For a compact connected projective manifold V , h 2j (V; Q) alg denotes the dimension of the vector subspace H 2j (V; Q) alg of H 2j (V; Q) dual under Kronecker duality to the vector subspace of H 2j (V; Q) spanned by the j-dimensional algebraic subvarieties of V .
We denote the ideal sheaf of an irreducible subvariety A of a variety V by J A=V (or simply J A when no confusion can result). For smooth A contained in the smooth locus of V , N A=V denotes the normal bundle of A in V .
Line bundles and divisors are used with little (or no) distinction. Hence we shall freely switch between the multiplicative and the additive notation.
2.2 Conductor formula. Let V be a connected projective manifold of dimension n. Let L be a very ample line bundle on V of degree d := L n with jLj embedding V into P N . Then the classical conductor formula for the canonical bundle states that
where is the double point divisor of a projection of V from P N to P n+1 (in the degenerate cases when N = n or n + 1, is taken to be the empty divisor). In particular the line bundle (d ? n ? 2)L ? K V is spanned since given any point of V a generic projection can be chosen with the point not in the double point divisor of the projection (see 21], 22, p. 71], and 14]).
The following standard lemma is basic (see also 2, (3.1.8)]).
Lemma 2.3 Let V be an irreducible normal projective variety with Pic(V ) = Z. Let g : V ! Z be a surjective morphism of V to a projective variety Z. Either g is a nite morphism or g(V ) is a point. The same conclusion holds for V = P n and any holomorphic map to a compact complex space Z.
Proof. Assume that g is not nite and doesn't map V to a point. If Z is projective, then the pullback of an ample line bundle cannot be ample and thus we see that Pic(V ) 6 = Z. Thus we can assume that V = P n and Z is not necessarily projective.
Note that dimg(P n ) = n. If not let F denote a general ber. Since it is smooth it would have trivial normal bundle. This contradicts the ampleness of the tangent bundle of P n .
Let F denote a positive dimensional ber. There is a complex neighborhood U of F which maps generically one-to-one to a Stein space. Since P n is homogeneous we have that the translates of F ll out an open set. Since the map g U must map these positive dimensional subspaces to points we have the contradiction that dimg(U) = dimg(P n ) < n.
Q.E.D.
We also need the following general fact. Since f is nite the pullback of an ample line bundle is ample. Given a coherent sheaf G on X, G(t) means G twisted by the t-th power of the pullback of H. Hence (f E)(t) = f (E(t)).
Now since X is Cohen-Macaulay we have h i ((f E)(?q)) = 0 for i < n and q 0:
By the Leray spectral sequence, the projection formula and vanishing of higher direct images we obtain The following result we need is a \folklore" result, for which we don't know references.
Proposition 2.7 Assume that Hartshorne's conjecture 8], that any connected nondegenerate n-dimensional smooth submanifold X P m is a complete intersection if n > 2 3 m, is true. Then each vector bundle E on P m of rank r < m 3 splits into a direct sum of line bundles.
Proof. We use induction over r. If r = 1 the assertion is true. So, let us assume the assertion true for r ? 1. Since the assertion is independent of twisting, we may assume that E is generated by global sections. Take a general section s 2 H 0 (E) and let X := V (s), the zero locus of s. Then X is smooth and cod P mX = r. The 
To see this note that we can assume h 0 (L) n + 2 since otherwise (X; L) = (P n ; O P n(1)) and the assertion is clearly true. Then X is embedded by jLj in P n+r with r > 0, so that we can project X generically one-to-one into P n+1 . Now, for any positive integer t, h 0 (tL) = h 0 (O P n+r(t) X ) h 0 (O P n+1(t) X 0); where X 0 is the image of X in P n+1 . But if t < d := deg L (X) then h 0 (O P n+1(t) X ) h 0 (O P n+1(t)) since the kernel of the restriction map has dimension h 0 (O P n+1(t?d)) = 0. Thus we get h 0 (tL) h 0 (O P n+1(t)), which is the bound as in (3 Proof. Referring to the inequality in formula (5) 
Suppose that h 0 (tL J Y ) = 0. Then h 0 (tL) h 0 (tL Y ). Thus by combining the inequalities (9) and (8) In this case we see that the hypothesis of (3.5) is satis ed if t = 2, and 2L ? D has a non-zero section; whereas the hypothesis fails if t = 1 and L ? D has no non-trivial sections. Thus the inequality in (3.5) cannot be weakened.
Remark 3.7 We follow the notation and assumptions of (3.4). In general, it is
hard to make the bound in Proof. We apply the bound in (3.8) with n = 2. Since N 5, we get 4 Some general structure results for projections
In this section we discuss some general properties of projections from a k-dimensional subvariety Y of a given polarized variety X. We always assume that k > 0. In x6 and x7 we will present some more re ned results in the cases when Y is either a divisor or a linear P k .
4.1 General set-up of morphisms. Let L be a very ample line bundle on X, a smooth connected variety of dimension n 2. Let Y be a k-dimensional connected submanifold of X. We always assume that k > 0. We will denote by J Y the ideal sheaf of Y in X.
Let : X ! X be the blowing up of X along Y and set E = ?1 (Y ). Let : X ! (X) be the surjective rational map given by j L ? Ej. We refer to the mapping as the projection from Y associated to L. If Proof. We follow the notation from (4.1). Assume that has lower dimensional image. We have D 2 j L ? Ej, E = ?1 (Y ). Note that D is the pullback of some
To show the converse, note that by de nition of D one has dim (D) = dim (X)?
1. Thus the assumption dim (D) < dimD = n ? 1 gives the result.
Let us note some further general properties of the morphism . The notation is as in (4.1). Proof. To show 1), assume by contradiction that the restriction, E : E ! Z, of to E is not surjective. Take a point x 2 Z n (E) and let F x = ?1 (x) be the ber on x. Then the restriction ( L ? E) Fx is trivial. But E Fx 
is ample, where the last isomorphism follows from the fact that F x goes isomorphically to X under , since F x \ E = ;. Thus ( L?E) Fx is both ample and trivial, an absurdity that contradicts the assumption n > dimZ.
To show 2), note that since cod X Y > 1, is not an isomorphism and the exceptional divisor is uniruled. This means that there exists an (n ? 2)-dimensional variety V and a rational map V P 1 ! E which is dominant. Since (E) = Z by 1), we get a dominant map V P 1 ! Z, i.e., Z is uniruled. Q.E.D.
We can prove now the following more re ned structure result, which gives a general lower bound for the dimension of the image of the projection. Proof. Assume dimZ = n?k?1. Then, by (4.6), 2), Y is the complete intersection of n ? k divisors D 1 ; : : : ; D n?k 2 jLj. Since Y is a linear P k it thus follows that (X; L) = (P n ; O P n(1)).
If (X; L) = (P n ; O P n(1)), the projection from Y = P k has an (n ? Q.E.D.
Under special conditions on the cohomology of Y , we get stronger lower bounds for the image dimension of the projection. We restrict our attention to the case in which dimZ n ? k, since the case dimZ = n ? k ? 1 was covered in (4.6). Proposition 4.9 Let Y be a connected k-dimensional submanifold of X, a con- gives the desired inequality.
If dimZ = n ? k, we have k n ? k = cod X Y , which is the same as 2k n.
Q.E.D. 
We claim that c w (N (L)) = 0: (13) To see this, let F be a general ber of E and F 0 = (F ). Note that dimF 0 = dimE ? dimZ n ? 1 ? (k ? 1) = w. In view of this and the assumption that h 2j (Y; Q) alg = 1, j w, we see that it is enough to note that from (12) .4), 1) ). By assumption we have that h 2 (Y; Q) alg = 1, and therefore that dimY = dimZ w?1 . Thus using (11) we have k = dimZ w?1 = dimZ ? w + 1 = dimZ ? n + k + 1 which gives that n = dimZ + 1. Combined with (11) we have n k, which contradicts the hypothesis that Y is a proper submanifold of X.
To show that the equality h 0 (tL) = (O X (tL)) for t > c = h d?1 r i is not true in general, consider the smooth irreducible curve and the set ? of d distinct points obtained as transversal intersection of X with a general P r+1 and a general hyperplane P r of the P r+1 . Look at the exact sequence 0 ! (t ? 1)L C ! L C ! tL ? ! 0; From 7, Theorem (3.7)] we know that H 0 (tL C ) ! H 0 (tL ? ) is surjective for t > c and therefore H 1 ((t ? 1)L C ) injects in H 1 (tL C ), for t > c. Since h 1 (tL C ) = 0 for t 0, we can conclude that h 1 ((t ? 1)L C ) = 0 for t > c: Thus from the cohomology sequence associated to the exact sequence 0 ! (t ? 2)L ! (t ? 1)L ! (t ? 1)L C ! 0 we infer that h 2 ((t ? 2)L) = 0 for t > c: From this we thus conclude that, for t > c ? 2, the equality h 0 (tL) = (O X (tL)) is equivalent to h 1 (tL) = 0. We have just shown (see (14) ) that this is not the case.
Examples
In this section we give some examples to illustrate the results obtained in x4. (1) . Thus N (L) = V = p F and E = P(p F), where E is the exceptional divisor of the blowing up, : X ! X, of X along Y . Let , be the morphisms associated to j p F j and j F j respectively, where p F and F are the tautological line bundles of P(p F) and P(F ). Consider the projection p : X ! P s . Since F is a spanned vector bundle on P s , it is a general fact that : P(p F) ! P N 0 factors through : P(F ) ! P N 0 . Since F is the direct sum of a trivial bundle and a very ample line bundle, O P s(1), F is big. This implies that dim(Im ) = dim(P(F)) = n ?k + s ?1: We now show that such examples occur for all integers n > 0 and s 0. Fix integers s 0 and n > 0. Let P := P(O P 2n?1(1) O P 2n?1(s + 1)) and let p : P ! P 2n?1 denote the bundle projection. Let denote the tautological line bundle on P such that p = O P 2n?1(1) O P 2n?1(s + 1). Note that by counting constants we see that the transversal intersection of n general elements of j j is a smooth n-fold X 0 which maps isomorphically under p to its image X in P 2n?1 . Let L := O P 2n?1(1) X . Let E := n . From the Koszul complex resolution of the ideal sheaf of X 0 we get the exact sequence 0 ! det E !^n ?1 E ! !^2E ! E ! O P ! O X 0 ! 0: By tensoring the sequence with p O P 2n?1 (1) we see that the restriction map gives an isomorphism H 0 (P 2n?1 ; O P 2n?1(1)) = H 0 (X; L). Moreover the intersection of X 0 with the section corresponding to the quotient O P 2n?1(1) O P 2n?1(s + 1) ! O P 2n?1(1) is a linear P n?1 with respect to O P 2n?1(1). Thus X 0 contains a linear P n? The following example is related to Theorem (7.1) in x7. Example 5.3 We construct here a smooth hypersurface of degree d in P 2k+1 containing a linear P k , such that the projection from the P k associated to L := O X (1) has a k-dimensional image.
Consider in P 2k+1 the degree d hypersurface de ned by the equation Then X is smooth and contains the linear P k de ned by the equations x 2k+1 = = x k+1 = 0. The projection from this P k has image P k .
Example 5.4 Let X := P(E O P k(1)), where E is a rank r vector bundle on P k of the form E = r i=1 O P k(a i ), a i 1. Then X is of dimension n = k + r. Take as P k the section of the P r -bundle p : X ! P k corresponding to the quotient E O P k(1) ! O P k(1) ! 0: This guarantees that P k O P k(1), where P k is the restriction to P k of the tautological bundle L := of X. Hence in particular := L k P k = 1, i.e., P k is linear.
Let : X ! X be the blowing up of X along the P k . Note that induces the blowing up, : F ! P r , at one point, x, of each ber F = P r of p. Consider the morphism : X ! Z associated to L J P k. Note that the restriction F , for each ber F = P r , is the morphism given by the line bundle j O P r(1)? ?1 (x)j. Therefore F , being the projection of P r from the point x, has lower dimensional image. Since the bers F = P r cover X we thus conclude that has lower dimensional image. 6 The divisorial case
In this section L always denotes a very ample line bundle on a n-dimensional projective manifold X, such that its global sections, ?(L), embed X in a projective space P n+r . Let Y = D be a smooth connected divisor on X of degree = L n?1 D. We assume n 2 since the case n = 1 is trivial.
Recall that L ? D is spanned (see Lemma (2.6)). In the present case we can say considerably more. Let us rst show the following fact. Proof. By the conductor formula (2.2) and the adjunction formula we have that
is nef. By general adjunction theoretic results (see e.g., 2, (7.2.1)]) we know that K X + (n + 1)L is either ample or (X; L) = (P n ; O P n(1)). Therefore we see from (15) that if ( L ? D) D is not ample then K XjD + (n + 1)L D is not ample and hence (X; L) = (P n ; O P n(1)). In this case O X (D) = O P n( ).
Q.E.D.
Next, we recall the following de nition.
De nition 6.2 A line bundle, L, on a projective variety, X, is k-ample for an integer k 0, if mL is spanned for some m > 0, and the morphism X ! P C de ned by ?(mL) for such an m has all bers of dimension k. Proof. First assume n r + 2, or, equivalently, 2dimX ? (n + r) 2. Then by the Barth-Lefschetz theorem (see e.g., 2, (2.3.11)]) we conclude that Pic(X) = Z with generator the restriction of the hyperplane section bundle on projective space. Since L ? D is spanned and not trivial unless (X; L; O X (D)) = (P n ; O P n(1); O P n( )) (see (6.1)), we conclude that L ? D is a multiple of the restriction of the hyperplane section bundle on projective space. Thus L ? D is very ample.
We next assume that n r + 1. Then 
Since by (17) and (16) (19) or, by using r q ? 1 from (16) Example 6.6 Notation as in (6.5) . We give here an example in the range n = r +1 where j( ?q+1)L?Dj is spanned but the morphism associated to it is not birational, D spans P n+r and the projection from D has an (n ? 1)-dimensional image.
Consider the Segre embedding X = P 1 P n?1 , ! P n+r = P 2n?1 , r = n?1, and let p 1 : X ! P 1 , p 2 : X ! P n?1 be the projections on the two factors. Denote O(a; b) : The line bundle is spanned but not ample (see e.g., 2, (3.2.4)]) and the morphism associated to j j is the blowing up X ! P n of P n along P n?2 . Hence in particular is 1-ample. 7 The linear case Let X be a smooth connected projective variety of dimension n, polarized by a very ample line bundle L. In this section we discuss some further results about the structure of projection maps from a k-dimensional subvariety Y of X, in the case when Y is a linear P k with respect to L.
In (7.1) we show that if the morphism, , associated to L J Y as in (4.1) has image dimension n ? k, then has P n?k as image and X is a hypersurface in P n+1 . Next we show in (7.2) that assuming \Hartshorne's conjecture" we have a stronger lower bound for the dimension of the image of . Finally we prove in (7.4) a spannedness result for the adjoint bundle (see also (8.6) for more adjunction theoretic structure type results in the case when Y is a codimension 1 linear P n?1 ).
Let us explicitly point out the following fact: if Y is a smooth k-dimensional subvariety of (X; L) of degree = L k Y , then, since L J Y is spanned by global sections by Lemma (2.6), the morphism associated to jtL J Y j is birational for t + 1. In particular, if Y is a linear P k with respect to L and the projection from Y associated to tL has lower dimensional image, then necessarily t = 1.
In the case when Y is a linear P k and the projection has image dimension one bigger than the lowest possible value we have the following result. We recall Theorem (4.6) for a general lower bound for the image dimension of and we refer back to (5.3) which gives in fact an example of the situation discussed below. Then X is a hypersurface in P n+1 .
Proof. Set w := n ? k. Since L ? E is spanned and gives the projection : X ! (X) and since dimZ = w, we 
Now look at the exact sequence
Thus, either ?(L) embeds X as hypersurface in P n+1 , or else h 0 (L) = n + 1 and X = P n . However, the latter is ruled out by the assumption dimZ n ? k.
A minor modi cation of the proof of the theorem above gives us the following result, which states that assuming \Hartshorne's conjecture" (see 8]) the image dimension of has a stronger lower bound unless X is a complete intersection. . A direct numerical check shows that the inequality z < w + k 3 ? 1 implies n > 2 3 (z + k + 1). Since we are assuming that Hartshorne's conjecture is true, we thus conclude that X is a complete intersection.
We need the following result. The case when k = 1 also follows immediately from a result of Ilic 12] . Theorem 7.3 Let X be a connected projective manifold of dimension n 2. Assume that X is a P n?1 -bundle : X ! C over a smooth curve C with bers linear with respect to L, a very ample line bundle on X. Let 1; 1) ). Proof. We leave the reader to check the straightforward assertion that dimZ < n in cases 1) and 2). Assume now that dimZ < n.
If dim (Y ) = 1, then since P k cannot map onto a curve if k 2, we conclude that k = follows from the last paragraph that (X k+1 ; L X k+1 ) = (P k P 1 ; O P k P 1(1; 1)) we infer 8 The linear case in codimension 1 Let X be a smooth connected projective variety of dimension n 2. Let L be a very ample line bundle on X. Let P be a linear P n?1 X with respect to L, i.e., = L n?1 P = 1. Recall that in this case the line bundle L ? P is spanned (see the discussion after Lemma (4.3) ). We follow the notation of (4.1), with the exception of denoting Y by P to emphasize its special nature. Thus we let : X ! (X) be the morphism associated to jL ? Pj and = s the Remmert-Stein factorization of with : X ! Z having connected bers and s : Z ! (X) nite.
In this section we study the projection from P, a linear P n?1 , under the assumption that n > dim (X). For shortness, it is convenient to refer to the situation above simply saying that (X; L; P) is a P n?1 -degenerate triple.
First, let us state the following preliminary facts.
Proposition 8.1 Let X be a connected n-dimensional manifold and let L be very ample line bundle on X. Assume that (X; L; P) is a P n?1 -degenerate triple. Let
Proof. Items 1) and 2) follow immediately from Lemma (6.1) and Theorem (6.3). As for 3), note that since L ? P is not big we have (L ? In light of the above results we will assume that (X; L) 6 = (P n ; O P n(1)), i.e., N P=X = O P n?1(?s) with s 0.
Let H be the ample line bundle on Z such that L ? P (H). Set h = H n?1 and t = L f for a general ber f of . We have L P ? P P O P n?1(s + 1) P (H):
Since t = deg P , we conclude that th = (s + 1) n?1 :
Note that the restriction P : P n?1 ! Z is a t-to-one nite morphism.
Proof. Set P := P n?1 . If K X + (n ? 1)L is not spanned, then (X; L) is as in one of cases 1), 3) of (7.4) (notice that case 2) of (7.4) is excluded because we have dimP > h n 2 i ). In case 1) we have that K X + (n + 1)L is trivial, which implies that O P (K X + (n + 1)L) P O P n?1(s + 1). Thus s = ?1. In case 3), we have t = 1.
Therefore both cases 1), 3) of (7.4) are excluded in view of our present assumptions that s 1 and t 2.
Therefore we can assume that K X + (n ?1)L is spanned. It follows 2, x7.3] that either K X + (n ? 1)L is nef and big or:
1. K X = ?(n ? 1)L; or 2. (X; L) is a quadric bration, : X ! C, over a smooth curve C, i.e., K X + (n ? 1)L = H for some ample line bundle H on C; or 3. (X; L) is a scroll, : X ! S, over a smooth surface S, i.e., K X + (n ? 1)L = H for some ample line bundle H on S.
In the rst case we have that O f = (K X + (n ? 1)L) f for a general ber f of . Since (1 ? n)L f = (1 ? n)t = K X f = deg(K f ) we conclude that n = 3 and t = L f = 1, contradicting our present assumption t 2.
Since P = P n?1 can't map to a curve by Lemma (2.3), we conclude in the second case that P is a component of a ber of . But since n 3 bers are either irreducible quadrics, or two P n?1 's meeting in a P n?2 . Indeed multiple bers don't happen, since otherwise we could slice down to a surface and have P 1 as a multiple ber, which is a classical standard impossibility. If we are in the case of two P n?1 's meeting in a P n?2 , then we have negative normal bundle for each P n?1 and we can contract one P n?1 to get a map of the other P n?1 to a (n ?1)-dimensional image but with the intersection P n?2 going to a point, which is not possible again by Lemma (2.3).
In the third case we know from a result of the fourth author 20, Theorem (3.
3)] that is a P n?2 -bundle. Thus we conclude that P is a section with n = 3. Indeed since bers of are one dimensional we conclude that P meets a general ber f of in a nite nonempty set. Since L ? P is nef and L f = 1 we conclude that P f = 1. Since (L ? P) f = 0 it is clear that is the same as and t = 1.
Thus we see that K X + (n ?1)L is big and the rst reduction : X ! X 0 exists.
Assume that is not an isomorphism. Let F be a positive dimensional ber of .
We know that F is a linear P n?1 with respect to L and N F=X = O P n?1(?1). If we show that F = P then we see that s = 1 and the theorem will be proved. Thus assume that F is not P. Then we see that F \ P is empty or we would have the absurdity that maps the positive dimensional subset F \P of P to the point (F ) without mapping P to the same point. Thus we have L F = O P n?1(1). Therefore we see that F is a section of : X ! Z. Thus we conclude that is a P 1 -bundle over P n?1 . Restricting the bundle to a bundle S : S ! R on a smooth curve R on Z, we nd a P 1 -bundle S over R with two disjoint curves, P \ S and F \ S, each with negative self intersection since both the normal bundles N P=X , N F=X are negative. This is absurd. Q.E.D.
Proof. By (8.6) 3] we know that W is smooth and thus by Lazarsfeld's theorem (see e.g., 2, (3.1.7)]) we know that W is P 2 . We also see that the maps and are the same.
Note that by pulling back to P we have m(K X + L) P Q.E.D.
